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Abstract
The parametrized black hole quasinormal ringdown formalism is useful to compute quasinormal
mode (QNM) frequencies if a master equation for the gravitational perturbation around a black hole
has a small deviation from the Regge-Wheeler or Zerilli equation. In this formalism, the deviation of
QNM frequency from general relativity can be calculated by small deviation parameters and model
independent coefficients. In this paper, we derive recursion relations for the model independent
coefficients. Using these relations, the higher order coefficients are written only by the lower order
coefficients. Thus, we only need the lower order coefficients when we numerically compute the
model independent coefficients.
PACS numbers: 04.50.-h,04.70.Bw
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I. INTRODUCTION
The master equations for the gravitational perturbation around the Schwarzschild black
holes are known as the Regge-Wheeler or Zerilli equation [1, 2]. If we consider a gravity
theory whose deviation from general relativity (GR) is very small, the master equations
for the gravitational perturbation around spherically symmetric black holes sometimes have
only small deviations from the Regge-Wheeler or Zerilli equation in the form:
f
d
dr
(
f
d
dr
Φ
)
+ (ω2 − f(V (0) + δV ))Φ = 0, (1)
with
f = 1− rH
r
. (2)
The back ground effective potential V (0) is
V (0) = V+ =
9λr2Hr + 3λ
2rHr
2 + λ2(λ+ 2)r3 + 9r3H
r3(λr + 3rH)2
, (3)
where λ = ℓ2 + ℓ− 2, for the even parity perturbation, and
V (0) = V− =
ℓ(ℓ+ 1)
r2
− 3rH
r3
, (4)
for the odd parity perturbation. δV denotes the small deviation of the effective potential
from the GR case. In [3], the form of δV is assumed to be
δV = δV± =
1
r2H
∞∑
j=0
α±j
(rH
r
)j
, (5)
where α±j are small parameters which depend on the details of gravity theories or physical
situations. Note that many models are included in this parameterization, e.g., [3–6]. The
parametrized black hole quasinormal ringdown formalism [3] is useful to compute quasinor-
mal mode (QNM) frequencies of the above systems Eqs. (1)-(5). At the first order of the
small parameters α±j , the QNM frequency becomes
ωQNM = ω0 + δω
= ω±0 +
∞∑
j=0
α±j e
±
j , (6)
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where ω0 = ω
±
0 are the QNM frequencies for the GR case, i.e., for the Schwarzschild black
holes, and δω =
∑
∞
j=0 α
±
j e
±
j denote the deviation from the GR case. The coefficients e
±
j
are constants which do not depend on α±j . In this sence, e
±
j can be considered as the
model independent coefficients. In the previous work [3], the coefficients e±j were calculated
numerically, but to obtain them in a high accuracy was technically not easy, especially for
large j. In this paper, we derive recursion relations among e±j with different j. Using these
relations, we can write e±j only from low j coefficients.
II. AMBIGUITY OF THE EFFECTIVE POTENTIAL AT THE FIRST ORDER
OF SMALL PARAMETERS
Introducing a new master variable Φ˜ as
Φ = (1 + ǫX)Φ˜ + ǫY f
dΦ˜
dr
(7)
where ǫ is a small parameter, which is assumed to be same order as α±j , and X, Y are
functions of r. If we choose X as
X = c1 − f
2
dY
dr
, (8)
with a constant c1, Eq. (1) becomes
f
d
dr
(
f
d
dr
Φ˜
)
+ (ω2 − f(V (0) + δV + δW ))Φ˜ = 0, (9)
with
δW = ǫ
[
−Y dV
(0)
dr
+ 2(ω20 − V (0))
dY
dr
+
1
2
d
dr
(
f
d
dr
(
f
dY
dr
))]
, (10)
at the first order of ǫ. In the above derivation, we used the relation Φ˜ = Φ+O(ǫ) and that Φ
satisfies Eq. (1). Unless the choice of X and Y do not change the QNM boundary conditions
between Φ and Φ˜, δW can be considered as an ambiguity of the effective potential. (see
also Appendix. A for general discussion of the ambiguity of the effective potential for master
equations with Schro¨dinger form.)
3
III. RECURSION RELATION FOR THE MODEL INDEPENDENT COEFFI-
CIENTS
In this section, we derive recursion relations among e±j with different j. Let us consider
the GR case, i.e., δV = 0, where the master equation does not contain any correction term,
f
d
dr
(
f
d
dr
Φ
)
+ (ω2 − fV (0))Φ = 0. (11)
From the discussion in the previous section, this equation can be rewritten in the form of
Eq. (9) with δV = 0.
A. Odd parity case
For the odd parity case, the back ground effective potential V (0) becomes V− in Eq. (4).
Setting the function Y as
Y = yj
(rH
r
)j
, (12)
with an integer j and a constant yj, δW in Eq. (10) becomes
δW = ǫyj
[
− 2j(ω
−
0 )
2
rH
(rH
r
)j+1
− (1 + j)(−4ℓ(ℓ+ 1) + j(j + 2))
2r3H
(rH
r
)j+3
+
(2j + 3)(−6 − 2ℓ(ℓ+ 1) + j(j + 3))
2r3H
(rH
r
)j+4
− (j − 2)(j + 2)(j + 6)
2r3H
(rH
r
)j+5 ]
.
(13)
We can read α−j as
α−j+1 = −
2j(ω−0 )
2
rH
ǫyj , (14)
α−j+3 = −
(1 + j)(−4ℓ(ℓ+ 1) + j(j + 2))
2r3H
ǫyj , (15)
α−j+4 =
(2j + 3)(−6− 2ℓ(ℓ+ 1) + j(j + 3))
2r3H
ǫyj , (16)
α−j+5 = −
(j − 2)(j + 2)(j + 6)
2r3H
ǫyj, (17)
and the QNM frequency at the first order becomes
ωQNM = ω
−
0 + α
−
j+1e
−
j+1 + α
−
j+1e
−
j+3 + α
−
j+1e
−
j+4 + α
−
j+1e
−
j+5. (18)
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However, because now we are studying the system with Eq. (11), the QNM frequency
Eq. (18) should be same as the GR case, i.e., ωQNM = ω
−
0 . Thus, the recursion relation
α−j+1e
−
j+1 + α
−
j+1e
−
j+3 + α
−
j+1e
−
j+4 + α
−
j+1e
−
j+5 = 0 (19)
should hold. Eq. (19) can be explicitly written as
− 4jr2H(ω−0 )2e−j+1 − (j + 1)(−4ℓ(ℓ+ 1) + j(j + 2))e−j+3
+ (2j + 3)(−6 − 2ℓ(ℓ+ 1) + j(j + 3))e−j+4 − (j − 2)(j + 2)(j + 6)e−j+5 = 0. (20)
We should note that while Y ∼ r at r →∞ for j = −1, the QNM boundary condition for Φ˜
still corresponds to the QNM boundary condition for the original master variable Φ. Thus,
we can put j ≥ −1 to the above recursion relation, and we conclude that all e−j with j ≥ 3
can be written by e−0 , e
−
2 and e
−
7 .
1 For example, the relations
e−3 =
2(ℓ− 1)ℓ(ℓ+ 1)(ℓ+ 2)(ℓ2 + ℓ− 1)r2H(ω−0 )2
(ℓ− 1)2ℓ2(ℓ+ 1)2(ℓ+ 2)2 + 36r2H(ω−0 )2
e−0 −
12(ℓ2 + ℓ− 2)r2H(ω−0 )2
(ℓ− 1)2ℓ2(ℓ+ 1)2(ℓ+ 2)2 + 36r2H(ω−0 )2
e−2 ,
(21)
e−4 = −
4
15
r2H(ω
−
0 )
2e−0 +
2
15
(4 + ℓ+ ℓ2)e−3 , (22)
e−5 = −
1
15
(3 + ℓ+ ℓ2)r2H(ω
−
0 )
2e−0 +
1
30
(12 + ℓ(ℓ+ 1)(2 + ℓ+ ℓ2))e−3 , (23)
e−6 = −
2
35
(3 + ℓ+ ℓ2)r2H(ω
−
0 )
2e−0 +
ℓ(ℓ+ 1)(ℓ2(ℓ+ 1)2 + 8)− 4(6 + 5r2H(ω−0 )2)
35(ℓ2 + ℓ− 2) e
−
3 . (24)
· · ·
hold.2 We report that e−j with j ≥ 3 evaluated from the numerical data of e−0 , e−2 , e−7 in [3]
agree with that in the previous work.
B. Even parity case
For the even parity case, the back ground effective potential V (0) becomes V+ in Eq. (3).
Setting the function Y as
Y = yj
(λr + 3rH)
3
r3H
(rH
r
)j
, (25)
1 Note that e−
7
cannot be written by e−
0
, e−
2
because the coefficient of e−
7
in Eq. (20) with j = 2 vanishes.
2 One may wonder how to express e−
3
by e−
0
and e−
2
. Eq. (20) with j = −1, 0, 1, 2 give four equations which
contain e−
0
, e−
2
, e−
3
, e−
4
, e−
5
, e−
6
. Solving them with respect to e−
3
, e−
4
, e−
5
, e−
6
, we can write e−
3
by e−
0
and e−
2
.
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with an integer j and a constant yj, δW becomes
δW =
ǫyj
r3H
[
− 2λ3(j − 3)r2H(ω+0 )2
(rH
r
)j−2
− 18λ2(j − 2)r2H(ω+0 )2
(rH
r
)j−1
+
(
1
2
λ3(j − 2)(4λ− (j − 4)j + 5)− 54λ(j − 1)r2H(ω+0 )2
)(rH
r
)j
+
(
1
2
λ2
(
6(λ− 1)λ+ (2λ− 9)j3 − 9(λ− 3)j2 + ((25− 4λ)λ+ 6)j)− 54jr2H(ω+0 )2
)(rH
r
)j+1
+
λ (3(λ− 4)λ− ((λ− 18)λ+ 27)j3 + 3(λ− 9)λj2 + ((21− 23λ)λ+ 27)j)
2
(rH
r
)j+2
9 (λ2 (− (j3 + 4j + 2)) + λ(j + 1) (6j2 + 3j + 4)− 3n(j + 1)(j + 2))
2
(rH
r
)j+3
+
9(3(j + 1)(j + 2)(2j + 3)− λ(j(3j(j + 3) + 13) + 9))
2
(rH
r
)j+4
− 27(j + 2)
3
2
(rH
r
)j+5 ]
. (26)
We can read αj−2, αj−1, · · · , αj+5 by comparing with δW = r−2H
∑
∞
j=0 α
±
j (rH/r)
j, and the
QNM frequency becomes
ωQNM = ω
+
0 +
j+5∑
k=j−2
α+k e
+
k . (27)
Similar to the odd parity case, because the QNM frequency (27) should be same as the GR
case, the recursion relation
j+5∑
k=j−2
α+k e
+
k = 0 (28)
should hold. Using this, e+j with j ≥ 7 can be written by e+0 , e+1 , · · · e+6 .
C. Test scalar and vector fields
We can study the test scalar and vector fields similar to the above discussions. In that
cases, the back ground effective potential becomes
V (0) = Vs =
ℓ(ℓ+ 1)
r2
− (1− s2)rH
r3
, (29)
where s = 0 for the test massless scalar fields, s = 1 for the test massless vector fields. Note
that s = 2 corresponds to the Regge-Wheeler potential V −. We parameterize δV as
δV = δVs =
1
r2H
∞∑
j=0
βsj
(rH
r
)j
, (30)
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with the small parameters βs, then the QNM frequency becomes
ωQNM = ω
s
0 +
∞∑
j=0
βsjd
s
j , (31)
where the coefficients dsj are constants which do not depend on β
s
j . Setting
Y = yj
(rH
r
)j
, (32)
with an integer j and a constant yj, after the same calculation as above discussions, we
obtain a relation among dsj
− 4jr2H(ωs0)2dsj+1 − (j + 1)(j − 2ℓ)(j + 2ℓ+ 2)dsj+3
+ (2j + 3)(2 + j(j + 3)− 2ℓ(ℓ+ 1)− 2s2)dsj+4 − (j + 2)(j + 2− 2s)(j + 2 + 2s)dsj+5 = 0.
(33)
Using this relation, dsj with j ≥ 3 can be written by ds0, ds2 and ds7.
IV. REDUCTION OF THE EFFECTIVE POTENTIAL TO LOWER ODER
We showed that e±j with high j can be written by that with low j. In a similar way, we
can remove the higher order terms of rH/r in δV by choosing the function Y appropriately.
For simplicity, we only focus on the odd parity case in this section. Note that the similar
discussion holds if we consider the cases of even parity, vector fields or scalar field.
Let us assume that the highest order term in δV is
δV highest =
α−n+5
r2H
(rH
r
)n+5
. (34)
If we choose
Y = yn
(rH
r
)n
, (35)
with
yn =
2rHα
−
n+5
(n− 2)(n+ 2)(n+ 6) , (36)
we can remove this term, and the new effective potential contains at most O((rH/r)
n+4)
terms. Repeating this process, we can write the effective potential δV in terms of (rH/r)
j
7
with j = 0, 1, 2, 7.3 This implies that we only need to consider the case
δV =
1
r2H
[
α−0 + α
−
1
(rH
r
)
+ α−2
(rH
r
)2
+ α−7
(rH
r
)7]
, (37)
instead of Eq. (5). We should note that the coefficients α−0 , α
−
1 , α
−
2 , α
−
7 become complicated
functions of ω−0 , in general.
V. SUMMARY AND DISCUSSION
In the parametrized black hole quasinormal ringdown formalism [3], the deviation of
QNM frequency from GR is given by
∑
j α
±
j e
±
j . While the parameters α
±
j , which depend on
physical situations, can be read from the master equation, we need to numerically calculate
the model independent coefficients e±j in advance [3]. Especially, it was technically not easy
task to compute e±j with high j in a high accuracy.
In this paper, we derived recursion relations among e±j with different j. Using these
relations, e±j with high j can be written by that with low j. This can efficiently reduce the
calculation cost for computing e±j . The recursion relations can also be used to estimate the
numerical calculation error for e±j . For example, if we numerically calculate e
−
0 , e
−
2 , e
−
3 , we
can estimate the error from |1− LHS/RHS|, where LHS and RHS denote the left and right
hand side of Eq. (21), respectively.
In a similar way, we also showed that δV can be rewritten in terms of (rH/r)
j with only
low j using the ambiguity of the effective potential. It is also interesting to extend the
present discussion to the coupled cases and the higher order cases [6], but we leave them for
future work.
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8
Appendix A: general discussion of the ambiguity of the effective potential
Let us consider the master equation with Schro¨dinger form
d2
dx2
Φ + (ω2 − V )Φ = 0, (A1)
where V is the effective potential. For the case in Eq. (1), the relation between x and r is
given by d/dx = fd/dr. In this section, we discuss the general differential transformations
of the master variable which keep the master equation to be Schro¨dinger form. Defining a
new master variable χ as4
χ = AΦ +B
dΦ
dx
, (A2)
with
−B2V ′ +B(2(ω2 − V )B′ −A′′) + A(2A′ +B′′) = 0, (A3)
χ satisfies the equation
χ′′ +
(
ω2 − (V + δW ))χ = 0, (A4)
with
δW =
2A′
B
+
B′′
B
, (A5)
where A,B are functions of x and ′ denotes derivative with respect to x. Note that Eq. (A3)
is the condition such that the coefficient of χ′ vanishes in the master equation. We can
regard the term δW as an ambiguity of the effective potential. Eq. (A3) can be integrated
as
(−ω2 + V )B2 − A2 +BA′ −AB′ = c2, (A6)
with a constant c2. Defining
S :=
A
B
+
B′
B
, (A7)
Eq. (A4) can be written as
χ′′ +
(
− c2
B2
− S2 − S ′
)
χ = 0. (A8)
4 Because Φ satisfies the second order differential equation Eq. (A1), the second or more derivatives of Φ
can be written in terms of Φ and Φ′. For this reason, we only need to consider differential transformations
which only contain at most first derivative of Φ.
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1. A = 1− ǫX and B = −ǫY case
For A = 1− ǫX and B = −ǫY with the functions X, Y and a small parameter ǫ, because
χ = Φ at O(ǫ0), the relation
Φ = (1 + ǫX)χ+ ǫY χ′ +O(ǫ2) (A9)
holds. From Eq. (A6), we obtain X = c3 − Y ′/2 + O(ǫ) where c3 = (1 −
√−c2)/ǫ. Then,
δW becomes
δW =
BV ′ − 2(ω2 − V )B′ + A′′
A
= ǫ
[
−Y V ′ + 2(ω2 − V )Y ′ + 1
2
Y ′′′
]
+O(ǫ2), (A10)
where we used Eq. (A3) in the first equality. This result is same as Eq. (10). Note that
d/dx = fd/dr and δW in this section corresponds to that in Sec. II multiplied by f .
2. B = 1, c2 = −ω2 case
If we set B = 1 and c2 = −ω2, Eq. (A6) becomes
V = S2 − S ′ (A11)
and the master equation Eq. (A8) becomes
χ′′ +
(
ω2 − S2 − S ′)χ = 0. (A12)
This is nothing but the superpartner of the original system Eq. (A1).
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